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1. INTRODUCTION
w xIn a recent paper 2 , Erbe, Hu, and Wang studied the existence of
multiple positive solutions of the following second order two-point bound-
 .ary value problems BVP ,
yu0 s f t , u , 0 - t - 1, 1 .  .
a u 0 y b u9 0 s 0, .  .
2 . g u 1 q d u9 1 s 0, .  .
 . w x w .where f g C I = R , R , I s 0, 1 , R s 0, q` , a , b , g , d G 0, andq q q
r s gb q ag q ad ) 0. They proved that there exist at least two positive
 .  .  .  . solutions of 1 ] 2 under conditions H1 and H3 or under conditions
 .  ..H2 and H4 , which are listed as follows:
 .   . .H1 lim min f t, u ru s `, lim minu ª 0q t g w0, 1x u ª q ` t g w0, 1x
  . .f t, u ru s `;
 .   . .   .H2 lim max f t, u ru s 0, lim max f t, uuª 0q t gw0, 1x uªq` t gw0, 1x
.ru s 0;
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 .H3 There is a p ) 0 such that 0 F u F p and 0 F t F 1 implies
f t , u F hp , .
where
y1 6r1
h s G s, s ds s .H / 6db q 3gb q ag q 3ad0
 .and G t, s is the Green's function to yu0 s 0 subject to the boundary
 .condition 2 ;
 .H4 There is a p ) 0 such that s p F u F p implies
f t , u G l p , .
y1 3r4  .where l s H G 1r2, s ds, and1r4
g q 4d a q 4b
s s min , . 54 g q d a 4 q b .  .
 .  .In this paper, we prove that 1 ] 2 possess at least two positive
solutions under weaker conditions than those listed above. By the way, a
w xsmall error in the proof of Theorem 3 in paper 2 is corrected. We denote
 .the first eigenvalue of yu0 s lu subject to the boundary condition 2 by
 .l , and the corresponding eigenfunction by f t . It is well known that1 1
 .  .l ) 0 and f t does not change sign in 0, 1 , and therefore, without loss1 1
 . 5 5of generality, we can assume that f t ) 0 for 0 - t - 1 and f s1 1
<  . <  .max f t s 1. We formulate some conditions for f t, u as follows0 F t F1 1
which will play roles in this paper.
 .   . .H1 * lim inf min f t, u ru ) l , lim inf minuª 0q t gw0, 1x 1 uªq` t gw0, 1x
  . .f t, u ru ) l ;1
 .   . .H2 * lim sup max f t, u ru - l , lim supu ª 0q t g w0, 1x 1 u ª q `
  . .max f t, u ru - l ;t gw0, 1x 1
 .H3 * There is a p ) 0 such that 0 F u F p and 0 F t F 1 implies
f t , u - h*p , .
where
8r 2
h* s .2 2g q 2d 4br q a g q 2a d .  .
LIU AND LI612
 .P For any r ) 0, there is a M ) 0 such that 0 F t F 1 andr
0 F u F u F r implies1 2
f t , u y f t , u G yM u y u . .  .  .2 1 r 2 1
2. PRELIMINARIES AND LEMMAS
w x w xWe adopt the symbols used in 2 . By Lemma 2 in 2 , finding positive
 .  .solutions of 1 ] 2 is equivalent to finding nontrivial fixed points of F:
K ª K, where
< 5 5w xK s u g X u t G 0 for all t g 0, 1 and min u t G s u , .  . 5
1r4FtF3r4
w xX s C 0, 1 , and F: K ª K given by
1
Fu t s G t , s f s, u s ds, .  .  . .H
0
1 g q d y g t b q a s , 0 F s F t F 1, .  .
G t , s s .  b q a t g q d y g s , 0 F t F s F 1.r  .  .
 < 5 5 4For r ) 0, the set u g K u - r is denoted by K .r
Now we mention that the claim, i.e., Fu / u for u g ­ K in the proofp
w x  .of Theorem 3 in paper 2 , may not be true under the condition H3 . In
fact, if a s d s 1, b s g s 0, then it is easy to see that r s 1, h s 2, and
 .H3 reduces to the condition that there is a p ) 0 such that 0 F u F p
 .  .and 0 F t F 1 implies f t, u F 2 p, which includes the case that f t, u s
2 p for any 0 F u F p and 0 F t F 1. In this particular case, if we take
 . 2  .  .  . 5 5u t s ypt q 2 pt, then u t is a positive solution of 1 ] 2 and u s0 0 0
p, and therefore Fu s u , u g ­ K . Hence Fu / u for u g ­ K may0 0 0 p p
 .not be true under the condition H3 . Checking the proof of Theorem 3 in
w x  .  .2 , we find that the error can be corrected by replacing H3 with H3 9.
 .H3 9 There is a p ) 0 such that 0 F u F p and 0 F t F 1 implies
f t , u - hp , .
 .where h is just as in H3 .
We recall some lemmas which will be used in this paper. First of all,
w xaccording to the proofs of Theorem 3 and Theorem 4 in 2 , the following
three lemmas are valid.
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 .LEMMA 1. If H1 is satisfied, then there exist 0 - r - R - ` such0 0
 .  .that i F, K , K s 0 for 0 - r F r and i F, K , K s 0 for R G R .r 0 R 0
 .  .LEMMA 2. If H3 9 is satisfied, then i F, K , K s 1.p
 .  .LEMMA 3. If H4 is satisfied, then i F, K , K s 0.p
 .  .  .  . 2w xf t is called a subsolution of the BVP 1 ] 2 if f t g C 0, 1 ,0 0
 .f t G 0, and it satisfies0
yfY t F f t , f t , 0 - t - 1, .  . .0 0
af 0 y bfX 0 F 0, .  .0 0
X gf 1 q df 1 F 0, .  .0 0
 .and f t is called a strict subsolution if it is a subsolution but it is not a0
 .  .  .  .solution. We call c t a supersolution of the BVP 1 ] 2 if c t g0 0
2w x  .C 0, 1 , c t G 0, and it satisfies0
yc Y t G f t , c t , 0 - t - 1, .  . .0 0
ac 0 y bc X 0 G 0, .  .0 0
X gc 1 q dc 1 G 0, .  .0 0
 .and c t is called a strict supersolution if it is a supersolution but it is not0
 .  .a solution. Let u, ¨ g X. We use u F ¨ to represent u t F ¨ t for
w xt g 0, 1 , and use u - ¨ to represent u F ¨ but u / ¨ .
 .  .  .LEMMA 4. Assume that P is satisfied. If f t and c t are a strict0 0
 .  .subsolution and a strict supersolution of 1 ] 2 , respecti¨ ely, f - c , then0 0
 .  .  .1 ] 2 has a solution u* t satisfying f - u* - c .0 0
LEMMA 5. Assume that there exists M ) 0 such that
f t , u y f t , u G yM u y u , ; 0 F t F 1, 0 F u - u . .  .  .2 1 2 1 1 2
 .  .If f t and c t are a strict subsolution and a strict supersolution of0 0
 .  .1 ] 2 , respecti¨ ely, f g c , and0 0
c t ) 0, ; 0 F t F 1, .0
 .  .  .then 1 ] 2 has a solution u* t satisfying f g u* g c .0 0




 .  .  .  .THEOREM 1. If H1 * and H3 9 are satisfied, then the BVP 1 ] 2 has
at least two positi¨ e solutions x and x such that1 2
5 5 5 50 - x - p - x .1 2
Proof. According to Lemma 2, we have that
i F , K , K s 1. 3 . .p
 . m n  .Fix 0 - m - 1 - n, and let f u s u q u for u G 0. Then f u satis-1 1
 .fies the condition H1 . Define F : K ª K by1
1
F u t s G t , s f u s ds, .  .  . .H1 1
0
then by using Lemma 1, we conclude that there exist 0 - r - p - R - `,0 0
such that 0 - r F r implies0
i F , K , K s 0, 4 .  .1 r
and R G R implies0
i F , K , K s 0. 5 .  .1 R
w x  .  .Define H: 0, 1 = K ª K by H s, u s 1 y s Fu q sF u, then H is a1
 .completely continuous operator. By the first inequality in H1 * and the
defination of f , there are e ) 0 and 0 - r F r such that1 1 0
f t , u G l q e u , ; 0 F t F 1, 0 F u F r , 6 .  .  .1 1
f u G l q e u , ; 0 F u F r . 7 .  .  .1 1 1
 .We now prove that H s, u / u for all 0 F s F 1 and u g ­ P . In fact, ifr1
 .  .there exist 0 F s F 1 and u g ­ P such that H s , u s u , then u t0 0 r 0 0 0 01
satisfies the equation
yuY t s 1 y s f t , u t q s f u t .  .  .  . .  .0 0 0 0 1 0
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 .and the boundary condition 2 . Multiplying the last equation by f and1
then integrating from 0 to 1, using integration by parts in the left hand side
two times, we get that
1 1
l u t f t dt s 1 y s f t , u t q s f u t f t dt , .  .  .  .  .  . .  . .H H1 0 1 0 0 0 1 0 1
0 0
8 .
 .  .which, combining with 6 and 7 , yields that
1 1
l u t f t dt G 1 y s l q e u t .  .  .  .  .H H1 0 1 0 1 0
0 0
qs l q e u t f t dt .  .  ..0 1 0 1
1




u t f t dt ) 0, .  .H 0 1
0
 .we see that l G l q e , which is a contradiction. By 4 and homotopy1 1
 w x.invariance of the fixed point index cf. 3 , we get that
i F , K , K s i H 0, ? , K , K . .  .r r1 1
s i H 1, ? , K , K . .r1
s i F , K , K .1 r1
s 0. 9 .
 .By the second inequality in H1 * and the definition of f , there exist1
e ) 0 and M ) 0 such that
f t , u G l q e u , ; 0 F t F 1, u ) M , .  .1
f u G l q e u , ; u ) M . .  .1 1
Let
C s max f t , u y l q e u .  .1
0FtF1, 0FuFM
q max f u y l q e u q 1, .  .1 1
0FuFM
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then, it is obvious that
f t , u G l q e u y C , ; 0 F t F 1, u G 0, 10 .  .  .1
f u G l q e u y C , ; u G 0. 11 .  .  .1 1
 .We now prove that there exists R G R such that H s, u / u for any1 0
5 50 F s F 1 and u g K, u G R . In fact, if 0 F s F 1 and u g K satisfy1 0 0
 .  .  .  .  .H s , u s u , then 8 is valid. Combine 8 and 10 and 11 to conclude0 0 0
that
1 1
l u t f t dt G l q e u t y C f t dt .  .  .  .  . .H H1 0 1 1 0 1
0 0
1 1
s l q e u t f t dt y C f t dt , .  .  .  .H H1 0 1 1
0 0
from which we see that
C1 1
u t f t dt F f t dt. 12 .  .  .  .H H0 1 1e0 0
 w x. w xBy maximum principles cf. 4 , there exists exactly one t g 0, 1 such0
X  .  .  .5 5  . that u t s 0, u t G trt u for 0 F t F t if t ) 0 and u t G 10 0 0 0 0 0 0 0
.  ..5 5y t r 1 y t u for t F t F 1 if t - 1. When u / u and if 0 - t - 1,0 0 0 0 0 0
we have that
t 1 y t1 t 10 5 5 5 5u t f t dt G u f t dt q u f t dt .  .  .  .H H H0 1 0 1 0 1t 1 y t0 0 t0 00
t 105 5) u tf t dt q 1 y t f t dt , .  .  .H H0 1 1 /0 t0
and therefore,
1 1
5 5u t f t dt ) u t 1 y t f t dt. 13 .  .  .  .  .H H0 1 0 1
0 0
 .  .  .If t s 0 and t s 1, 13 is still valid when u / u . From 12 and 13 we0 0 0
 .see that if 0 F s F 1 and u g K satisfy H s , u s u , then0 0 0 0 0
y1C 1 1 Ä5 5u - f t dt t 1 y t f t dt \ R . .  .  .H H0 1 1 1 /  /e 0 0
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Ä 4  .Let R s max R , R , then H s, u / u for any 0 F s F 1 and u g K,1 0 1
5 5  .u G R . By 5 and homotopy invariance of the fixed point index, we have1
that
i F , K , K s i H 0, ? , K , K . .  .R R1 1
s i H 1, ? , K , K . .R1
s i F , K , K .1 R1
s 0. 14 .
 .  .  .Use 3 , 9 , and 14 to conclude that
i F , K _ K , K s y1, /R p1
i F , K _ K , K s 1. /p r1
Therefore F has fixed points x and x in K _ K and K _ K ,1 2 p r R p1 1
 .  .respectively, which means that x t and x t are positive solutions of1 2
 .  . 5 5 5 51 ] 2 and 0 - x - p - x . The proof is completed.1 2
w xRemark 1. Theorem 1 improves Theorem 3 in 2 .
 .  .  .  .THEOREM 2. If H2 * and H4 are satisfied, then the BVP 1 ] 2 has
at least two positi¨ e solutions x and x such that1 2
5 5 5 50 - x - p - x .1 2
Proof. According to Lemma 3, we have that
i F , K , K s 0. 15 . .p
w x  .Define H : 0, 1 = K ª K by H s, u s sFu, then H is a completely1 1 1
 .continuous operator. By the first inequality in H2 *, there exist e ) 0 and
0 - r - p such that0
f t , u F l y e u , ; 0 F t F 1, 0 F u F r . 16 .  .  .1 0
 .We now prove that H s, u / u for 0 F s F 1 and u g ­ P . In fact, if1 r0
 .there exist 0 F s F 1 and u g ­ P such that H s , u s u , then the0 0 r 1 0 0 00
 .  .u t satisfy the boundary condition 2 and0
yuY t s s f t , u t , ; 0 - t - 1. .  . .0 0 0
 .Multiplying the last equality by f t and integrating from 0 to 1, we see1
that
1 1
l u t f t dt s s f t , u t f t dt. 17 .  .  .  .  . .H H1 0 1 0 0 1
0 0
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 .  .From 16 and 17 , we get that
1 1 1
l u t f t dt F f t , u t f t dt F l y e u t f t dt , .  .  .  .  .  .  . .H H H1 0 1 0 1 1 0 1
0 0 0
therefore, l F l y e , which is a contradiction. Using homotopy invari-1 1
ance of the fixed point index, we have that
i F , K , K s i H 1, ? , K , K . .  .r 1 r0 0
s i H 0, ? , K , K . .1 r0
s i 0, K , K .r0
s 1. 18 .
 .By the second inequality in H2 *, there exist e ) 0 and M ) 0 such that
f t , u F l y e u , ; 0 F t F 1, u ) M . .  .1
Set
C s max f t , u y l y e u q 1, .  .1
0FtF1, 0FuFM
then
f t , u F l y e u q C , ; 0 F t F 1, u G 0. 19 .  .  .1
 .  .If 0 F s F 1 and u g K satisfy H s , u s u , then 17 is valid. From0 0 1 0 0 0
 .  .17 and 19 we see that
1 1
l u t f t dt F f t , u t f t dt .  .  .  . .H H1 0 1 0 1
0 0
1 1




u t f t dt F f t dt. .  .  .H H0 1 1e0 0
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By the argument used in the proof of Theorem 1, there exist R ) p such0
 . 5 5that H s, u / u for 0 F s F 1 and u g K, u G R , and therefore1 0
i F , K , K s i H 1, ? , K , K . .  .R 1 R0 0
s i H 0, ? , K , K . .1 R 0
s i u , K , K .R 0
s 1. 20 .
 .  .  .  .  .Combining 15 , 18 , and 20 , we see that 1 ] 2 has at least two positive
 .  . 5 5 5 5solutions x t and x t satisfying 0 - x - p - x . The proof is1 2 1 2
completed.
w xRemark 2. Theorem 2 improved Theorem 4 in 2 .
 .  .  .  .  .THEOREM 3. If H1 *, H3 *, and P are satisfied, then the BVP 1 ] 2
has at least two positi¨ e solutions.
 .Proof. By H1 *, there exist e ) 0 and C ) 0 such that
f t , u G l q e u y C , ; 0 F t F 1, u G 0. 21 .  .  .1
ÄFrom the proof of Theorem 1, there is a R ) 0, depending only on e , C1
Ä .  . 5 5  .  .in 21 and f t , such that u - R for any positive solution u of 1 ] 2 .1 1
 .Define f t, u for 0 F t F 1 and u G 0 as1
f t , u s 1 y m u f t , u q l q e m u u , .  .  .  .  . .1 1
where function m: R ª R is given byq q
0, if 0 F u F R ,¡ 2~u y R , if R - u - R q 1,.m u s . 2 2 2¢1, if u G R q 1,2
Ä 4  .and R s max R , p q 1 . For the same e ) 0 and C ) 0 as in 21 , we2 1
have
f t , u G l q e u y C , ; 0 F t F 1, u G 0, .  .1 1
 .from which we see that, for positive solution u t of equation
yu0 t s f t , u t , 0 - t - 1 22 .  .  . .1
Ä . 5 5subject to the boundary condition 2 , it must be u - R , and therefore1
 .  .  .  .  .  .  .u t is a positive solution of 1 ] 2 . Hence 1 ] 2 is equivalent to 22 ] 2
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Ä .under the condition H1 *. We now claim that there exists M ) 0 such
that
Äf t , u y f t , u G yM u y u , ; 0 F u - u . 23 .  .  .  .1 2 1 1 2 1 1 2
 .In fact, if 0 F u - u F R , then by the condition P ,1 2 2
f t , u y f t , u s f t , u y f t , u G yM u y u , .  .  .  .  .1 2 1 1 2 1 R 2 12
 .  .if R F u F u F R q 1, then by the definition of f t, u and P ,2 1 2 2 1
f t , u y f t , u s 1 y m u f t , u q l q e m u u .  .  .  .  .  . .1 2 1 1 2 2 1 2 2
y 1 y m u f t , u y l q e m u u .  .  .  . .1 1 1 1 1
s 1 y m u f t , u y f t , u .  .  . .  .2 2 1
y m u y m u f t , u .  .  . .2 1 1
q l q e m u u y u .  .  .1 2 2 1
q l q e m u y m u u .  .  . .1 2 1 1
G yM u y u y C u y u .  .R q1 2 1 1 2 12
s y M q C u y u , . .R q1 1 2 12
<  . <where C s max f t, u , and if R q 1 F u - u , then1 0 F t F1, R F uF R q1 2 1 22 2
f t , u y f t , u s l q e u y u . .  .  .  .1 2 1 1 1 2 1
Ä  4Taking M s max M , M q C , from the observation above we getR R q1 12 2
 .  .  .23 . Use H3 * to select a e ) 0 e - 1 such that 0 F u F p q e and0 0 0
0 F t F 1 implies
f t , u - h*p. .
Define
1 a g q 2d b g q 2d .  .
2¨ t s yh*p t y t y q e . .1 0 /2 2 r 2 r
Then a direct calculation shows that
e F min ¨ t F max ¨ t s p q e , .  .0 1 1 0
0FtF1 0FtF1
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and
y¨Y t s hU p ) f t , ¨ t , 0 - t - 1, .  . .1 1
a ¨ 0 y b ¨ X 0 s ae G 0, .  .1 1 0
X g ¨ 1 q d ¨ 1 s ge G 0, .  .1 1 0
 .  .  .therefore ¨ t is a strict supersolution of 1 ] 2 . Using the first inequality1
 .  .of H1 *, we can find a d ) 0 d - e such that for any 0 - u F d and0
0 F t F 1,
f t , u ) l u. . 1
 .  .Denote u t s df t , then u - ¨ and1 1 1 1
yuY t s y df t 0 s l df t - f t , u t , 0 - t - 1, .  .  .  . .  .1 1 1 1 1
a u 0 y b uX 0 s 0, .  .1 1
X g u 1 q d u 1 s 0, .  .1 1
 .  .  .which means that u t is a strict subsolution of 1 ] 2 . The conditions of1
 .  .Lemma 4 are satisfied for the BVP 1 ] 2 , hence Lemma 4 guarantees
 .  .  .that 1 ] 2 has a solution x t satisfying1
u - x - ¨ . 24 .1 1 1
 .  .  .We now construct a strict subsolution u t of 22 ] 2 satisfying u g ¨ ,2 2 1
and we will do this separately in different cases. The condition r s gb q
 .ag q ad ) 0 includes exactly eight cases: i a ) 0, b s 0, g s 0, d ) 0;
 .  .  .ii a s 0, b ) 0, g ) 0, d s 0; iii a ) 0, b s 0, g ) 0, d s 0; iv
 .  .a ) 0, b s 0, g ) 0, d ) 0; v a ) 0, b ) 0, g ) 0, d s 0; vi a ) 0,
 .  .b ) 0, g s 0, d ) 0; vii a s 0, b ) 0, g ) 0, d ) 0; viii a ) 0, b ) 0,
g ) 0, d ) 0.
 .  .2  .  .Case i . It is easy to see that l s pr2 and f t s sin tpr2 in1 1
 .  .   ..2this case. For e in 21 , take a c g 0, 1r2 such that pr 2 y 2c -
 .2pr2 q e , and define
y1cp t y c p .
u t s R q 1 sin sin q 1 , .  .2 2  / /2 y 2c 2 y 2c
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 . X  .  .then u 0 s u 1 s 0 and u t ) 0 for 0 - t F 1. If 0 F t F c, we have2 2 2
that
2 y1p cp t y c p .
Yyu t s R q 1 sin sin F 0 .  .2 2  /  /2 y 2c 2 y 2c 2 y 2c
F f t , u t , . .1 2
 .and if c - t F 1, from the definition of f t, u , we see that1
2 y1p cp t y c p .
Yyu t s R q 1 sin sin .  .2 2  /  /2 y 2c 2 y 2c 2 y 2c
2 y1p cp t y c p .
F R q 1 sin sin q 1 .2  /  / /2 y 2c 2 y 2c 2 y 2c
2 y1p cp t y c p .
- R q 1 q e sin sin q 1 .2  /  / / /2 2 y 2c 2 y 2c
s f t , u t . . .1 2
 .  .  .Hence u t is a strict subsolution of 22 ] 2 and u g ¨ .2 2 1
 .  .2  .  . .Case ii . In this case l s pr2 and f t s sin t q 1 pr2 . Take1 1
  ..2  .20 - c - 1r2 such that pr 2 y 2c - pr2 q e , and define
y1cp 1 y t y c p .
u t s R q 1 sin sin q 1 , .  .2 2  / /2 y 2c 2 y 2c
 .  .  .  .then just as in Case i , u t is a strict subsolution of 22 ] 2 and u g ¨ .2 2 1
 . 2  .Case iii . In this case l s p and f t s sin p t. Fix a 0 - c - 1r41 1
  ..2 2  .such that pr 1 y 2c - p q e , then just as in Case i ,
y1cp t y c p .
u t s R q 1 sin sin q 1 .  .2 2  / /1 y 2c 1 y 2c
 .  .is a strict solution of 22 ] 2 and u g ¨ .2 1
 .   ..2  .   ..Case iv . In this case l s pr 1 q D and f t s sin tpr 1 q D ,1 1
 .  .where 0 - D - 1 and pr 1 q D is the only solution in pr2, p of the
  . ..2equation tan x s yd xrg . Let 0 - c - 1r3 satisfy pr 1 q D 1 y c -
  ..2pr 1 q D q e , and define
y1cp t y c p .
u t s M sin sin q 1 y t , .  .2  / /1 q D 1 y c 1 q D 1 y c .  .  .  .
in which the number M ) 0 is taken to be large enough that
 .max u t G R q 1. For c ) 0 sufficiently small, it is easy to provecF t F1 2 2
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 .that u t G 0, for 0 F t F 1. Fix such a c. If 0 F t F c, then2
2 y1p cp
Yyu t s M sin .2  /  /1 q D 1 y c 1 q D 1 y c .  .  .  .
=
t y c p .
sin
1 q D 1 y c .  .
F 0 F f t , u t . . .1 2
If c - t F 1, then
2p
Yyu t F M .2  /1 q D 1 y c .  .
=
y1cp t y c p .
sin sin q 1 y t . / /1 q D 1 y c 1 q D 1 y c .  .  .  .
2p
s u t .2 /1 q D 1 y c .  .
2p
- q e u t .2 / /1 q D
s f t , u t . . .1 2
 .   ..  .On the other hand, u 0 s 0 and using tan pr 1 q D s ydprg 1 q D ,2
we see that
g u 1 q d uX 1 .  .2 2
y1cp p
s Mg sin sin /1 q D 1 y c 1 q D .  .
y1p cp p
q Md sin cos y 1 / /1 q D 1 y c 1 q D 1 y c 1 q D .  .  .  .
y1cp p
s Mg sin sin /1 q D 1 y c 1 q D .  .
y1g M cp p
y sin sin y Md /1 y c 1 q D 1 y c 1 q D .  .
y1c cp p
s y Mg sin sin y Md - 0. /1 y c 1 q D 1 y c 1 q D .  .
 .  .  .Therefore u t is a strict subsolution of 22 } 2 and u g ¨ .2 2 1
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 .   ..2  .  . Case v . In this case l s pr 1 q D and f t s sin t q D pr 11 1
..  .  .q D , where 0 - D - 1 and pr 1 q D is the only solution in pr2, p of
  .the equation tan x s yb xra. Take a 0 - c - 1r3 such that pr 1 q D 1
..2   ..2  .y c - pr 1 q D q e , then just as Case iv ,
y1cp 1 y t y c p .
u t s M sin sin q t , .2  / /1 q D 1 y c 1 q D 1 y c .  .  .  .
 .  .is a strict subsolution of 22 ] 2 and u g ¨ .2 1
 .   ..2  . Case vi . In this case l s pr 2 q 2D and f t s sin t q1 1
.  ..  .D pr 2 q 2D , where 0 - D and pr 2 q 2D is the only solution in
 .0, pr2 of the equation cot x s b xra.
 .   ..2  . Case vii . In this case l s pr 2 q 2D and f t s sin 1 y t q1 1
.  ..  .D pr 2 q 2D , where 0 - D and pr 2 q 2D is the only solution in
 .0, pr2 of the equation cot x s d xrg .
 .   ..2  . Case viii . In this case l s pr D q D and f t s sin t q1 1 2 1
.  ..  .D pr D q D , where 0 - D , 1 - D , 0 - D y D r2 - 1, and sat-1 1 2 1 2 2 1
isfy
D p p D p1 1
a sin y b cos s 0,
D q D D q D D q D1 2 1 2 1 2
D q 1 p p D q 1 p .  .1 1
g sin q d cos s 0.
D q D D q D D q D1 2 1 2 1 2
 .In the last three cases, f t ) 0 for 0 F t F 1, which guarantees that1
 .Mf t G R q 1 for 0 F t F 1 if M is sufficiently large. Fix such a M and1 2
let
u t s Mf t , .  .2 1
then
yuY t s l Mf t - l q e Mf t s f t , u t , .  .  .  .  . .2 1 1 1 1 1 2
 .  .  .i.e., u t is a strict subsolution of 22 ] 2 and u g ¨ .2 2 1
 .  .  .To sum up, we have found a strict subsolution u t of 22 ] 2 with the2
 .property u g ¨ in all the eight cases. On the other hand, since ¨ t is a2 1 1
 .  .strict supersolution of 22 ] 2 , we have proved that all conditions in
 .  .Lemma 5 are satisfied for the BVP 22 ] 2 , and therefore there exists a
 .  .  .positive solution x t of 22 ] 2 satisfying2
u g x g ¨ . 25 .2 2 1
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Ä5 5By the a priori estimate mentioned above, we have x - R F R , and2 1 2
 .  .  .  .  .therefore x t is a positive solution of 1 ] 2 . From 24 and 25 we see2
that x / x . The proof is completed.1 2
Remark 3. A direct computation shows that h* s h if ag s 0 and
h* ) h if ag ) 0.
Using arguments as in the proof of Theorems 1 and 2, we get the
following two theorems.
THEOREM 4. If
f t , u f t , u .  .
lim inf min ) l , lim sup max - l ,1 1u uuª0q w x w xtg 0, 1 tg 0, 1aªq`
 .  .then 1 ] 2 has at least one positi¨ e solution.
THEOREM 5. If
f t , u f t , u .  .
lim sup max - l , lim inf max ) l ,1 1u uuªq`w x w xtg 0, 1 tg 0, 1uª0q
 .  .then 1 ] 2 has at least one positi¨ e solution.
Remark 4. From the point of view of variational methods and critical
point theory, the number l in Theorems 4 and 5, and therefore in1
Theorems 1 and 3, is optimal.
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